Let A ⊂ B be rings. An ideal J ⊂ B is called power stable in A if
INTRODUCTION
This article is largely based on forgotten note [6] . We assume all rings are commutative with identity. For a subset S of a ring R, id.(S) shall denote the ideal of R generated by S and for an ideal J of R, R J shall denote the J-adic completion of the ring R. If I is an ideal of R[X], then a(X) denotes the image of a(X) ∈ R[X] in the quotient ring R[X]/I. We shall use ⊂ to mean contained or equal to. In [2] , an ideal I in a ring R is defined almost prime if for all a, b ∈ R, ab ∈ I − I 2 either a ∈ I or b ∈ I. While trying to prove that all ideals in Z[X] are almost prime we required that for any ideal I ⊂ Z[X], I ∩ Z = nZ implies I 2 ∩ Z = n 2 Z. This, however, was not true. This property seems interesting in itself and is the basis of our definitions of power stable and ultimately power stable ideals in a polynomial ring R[X] (Definition 2.1), and for pair of rings A ⊂ B (Definition 2.2). In this article R shall always denote an integral domain. We prove that a maximal ideal m in R[X] is power stable if and only if ℘ t is ℘-primary for all t ≥ 1 for the prime ideal ℘ = m ∩ R (Theorem 3.10). This result is used to prove that if R is a Hilbert domain then any radical ideal in R[X] which is a finite intersection of G−ideals is power stable (Theorem 3.14). Further, it is proved that if R is a Noetherian domain of dimension 1, then any radical ideal in R[X] is power stable (Theorem 3.15) and if every ideal in R[X] is power stable then R is a field (Theorem 3.18) . We also prove that if A ⊂ B are Noetherian rings, and I is an ideal in B which is ultimately power stable in A, then if I ∩ A = J is a radical ideal generated by a regular A− sequence, it is power stable. Finally, we give a relationship in power stability and ultimate power stability using the concept of reduction of an ideal (Theorem 3.22). t ∩ R = (I ∩ R) t .
Observations and Definitions
(ii) The ideal I is called ultimately power stable if I t ∩ R = (I ∩ R) t for all t ≫ 0.
More generally, we define: Definition 2.2. If A ⊂ B are rings, then an ideal J in B is called power stable (respectively ultimately power stable) in A if J n ∩ A = (J ∩ A) n for all n ≥ 1 (for all n ≫ 0).
Let us first of all note that an ultimately power stable ideal need not be power stable in general. Consider
Then the ideal I = (2, X) in the ring B satisfies I ∩ A = I 2 ∩ A = (2). Thus
Thus the ideal I in the ring B is not power stable in A, but is ultimately power stable. We would like to know if the same holds in R[X], but at present we have no example to this effect. First of all, we make a few general observations. Lemma 2.10. If ϕ is an automorphism of R[X] such that ϕ(R) = R, then for any power stable ideal I ⊂ R[X], ϕ(I) is power stable.
Proof. It is clear. Lemma 2.11. Let A ⊂ B be rings, and I be an ideal in B where I ∩A = J. Then (i) The ideal I is power stable in A if and only if the natural homomorphism
is a monomophism of graded rings.
(ii) If I is ultimately power stable in A, and Gr J (A) has no nilpotents of degree ≧ 1, then I is power stable in A.
Proof. (i) If I is power stable in A, then I n ∩ A = J n for all n ≧ 0. Hence
Therefore ϕ is a monomorphism. Conversly, let ϕ be a monomorphism. Then
for all n ≧ 0. We shall prove that I n ∩ A = J n for all n ≧ 1 by induction on n. Since ϕ is a monomorphism, the statement is clear for n = 1. Let n ≧ 2. By induction assumption,
by equation (1) . Hence the result follows.
(ii) Note that the natural morphism ϕ from Gr J (A) to Gr I (B) is a homomorphism of graded rings and has degree zero. As I is ultimately power stable ϕ is monomorphism on homogeneous components of degree n ≫ 0. Clearly as Gr J (A) has no nilpotents of degree ≧ 1, ϕ is injective. Thus by (i), the ideal I is power stable in A.
Lemma 2.12. Let A ⊂ B be rings, and I be an ideal of B. Let I ∩ A = J. Then (i) If I is power stable in A, the natural homomorphism 
is a monomorphism for all n ≧ 1.
Proof. First of all, note that A J = lim ← − A/J n and B I = lim ← − B/I n . We, now, prove : (i) As I is power stable, I
n ∩ A = J n for all n ≥ 1. Hence the natural map A/J n αn
−→ B/I
n is a monomorphism for all n, and the diagram :
n is commutative where the vertical maps are quotient maps. This set up clearly induces a natural monomorphism A J −→ B I .
(ii) In case A, B are Noetherian, the diagram :
n is commutative where all the morphisms are natural. The vertical maps are isomorphisms. Thus it is clear that α n is a monomorphism if and only if β n is a monomorphism.
Lemma 2.13. Let A ⊂ B ⊂ C be rings. If an ideal J ⊂ C is power stable (ultimately power stable) in B and J ∩ B is power stable ( ultimately power stable)in A, then J is power stable ( ultimately power stable) in A.
Proof. It is straight forward. Lemma 2.14. Let A ⊂ B be rings, and let I, J be ideals in B. If I, J are power stable in A and I ∩ A, J ∩ A are comaximal, then IJ = I ∩ J is power stable in A.
Proof. First of all, it is clear that
for all n ≥ 1. Now as I ∩ A and J ∩ A are comaximal, I, J are comaximal in B. Hence
n since I and J are power stable in A.
Consequently IJ is power stable in A. Proof. If I is contraction of a power stable ideal of B in A, then IB, the extention of I in B, is power stable with contraction I. Thus B/IB is not zero, and hence for any finitely generated non-zero A−module M, B ⊗ A M is not zero. Consequently B is faithfully flat over A. The converse is already noted in the example 2.8. Theorem 2.17. Let R be Noetherian. If every irreducible ideal in R[X] is a finite intersection of power stable ideals, then every ideal is a finite intersection of power stable ideals.
Proof. Let
, an ideal : I is not a finite intersection of power stable ideals}.
If S = φ, we have nothing to prove. If not, then let J be a maximal element in S. By assumption, J is not irreducible. Hence J = K ∩ L where K, L are ideals in R[X] strictly bigger than J. Hence K and L are finite intersections of power stable iodeals, and cosequently A is a finite intersection of power stable ideals. This cotradicts the fact that A ∈ S. Hence the assertion follows.
Theorem 2.18. Let A ⊂ B be rings where B is Noetherian. Let I be a regular ideal in B which is power stable in A. Then the ideal I * = ∪{I (n+1) : I n ; n ≧ 1}is ultimately power stable.
Proof.
Main Results
Lemma 3.
1
. An ideal I in R[X] is power stable if and only if
Proof. If I is power stable then I ℘ is power stable for any prime ideal ℘ ∈ Spec(R) since localization commutes with intersections and powers. Note that (I ∩ R)
n for all n ≧ 1 i.e., I is power stable. Remark 3.2.(i) As in above Lemma, if A ⊂ B are rings and I ⊂ B is an ideal, then I is power stable in A if and only if I ℘ is power stable in A ℘ for every prime ideal ℘ ∈ Spec(A). Thus clearly it is sufficient to check power stability at maximal ideals in A.
(ii) Let R be an almost Dedekind domain. If
n for all n 1. 
is regular.We shall prove by induction that I t ∩ R = (I ∩ R) t for all t ≧ 1. Let t ≧ 2, and I s ∩R = (I ∩R) s for all s ≦ t−1. If I t ∩R = eR, then
Now, as e ∈ I t , we have
, and the result follows.
Corollary 3.4. Let R be a principal ideal domain. Then any prime ideal ℘ in R[X] is power stable.
Proof. As any non-zero prime ideal in R is maximal, we have either ℘ ∩ R = (0) or a maximal ideal. Hence the proof is immediate from the theorem. 
is a non constant polynomial. Then I is power stable.
It is easy to check that for any ideal J ⊂ R[X] and λ ∈ R, (λJ) ∩ R = λ(J ∩ R) . Hence, if we prove that I 1 is power stable then
i.e., I is power stable. We shall, now, show that I 1 is power stable. Note that h 1 (X) is a regular element in R/(d 1 )[X] since otherwise there exists λ ∈ R with its image λ in R/(d 1 ) non zero such that
Hence, as greatest common divisor of d 1 and elements of h 1 (X) is identity, d 1 divides λ, i.e., λ = 0 in R/(d 1 ), a contradiction to our assumption. Thus h 1 (X) is regular and the result follows from Theorem 3.3. 
where a(X) ∈ J t [X] and h(X) ∈ J[X]. As in case t = 1, reading off this equation in R/J[X], we conclude c(X) ∈ J[X] and λ ∈ J. Hence
where
However, if b 1 (X) = 0, then if λ 0 is leading coeficient of a 1 (X) and µ 0 is is leading coeficient of b 1 (X), λ 0 + µ 0 = 0. This implies µ 0 ∈ J t . A contradiction to our assumption. Hence λ ∈ J t . therefore I t ∩ R = J t = (I ∩ R) t for all t ≧ 1. Thus I is power stable. (t) = ℘ t for all t ≧ 1, i.e., ℘ t is ℘−primary for all t ≧ 1.
Proof. Let m be power stable. As m t is m−primary for all t ≧ 1, m t ∩ R = ℘ t is m ∩ R = ℘−primary for all t ≧ 1. Conversly, let ℘ t is ℘−primay for all t ≧ 1. If ℘ = (0), there nothing to prove. Hence let ℘ = (0).Then, as m ℘ ∩ R ℘ = ℘R ℘ , m ℘ is power stable by Corollary 3.8 . Hence
Thus the result is proved.
Remark 3.11. (1) In the reverse part of the above result, it is not used that m is maximal. Thus if q is a prime ideal in R[X] and for q 1 = q∩R, q We, now, give two examples to show that, in general, a maximal ideal in R[X] need not be power stable. In view of Theorem 3.10, it suffices to give a G-ideal P in R for which P n is not P −primary for some n ≥ 1. The first example below was suggested by Melvin Hochster. Examples 3.12. Let K be a field and Y, Z, W be algebraically independent over K. For an algebraically independent element T over K, consider the K−algebra homomorphism:
It is easy to see that ℘ is a G-ideal. Further,we have
Clearly Y / ∈ ℘ and it is easy to check that 
2 , then one of the factors in the equation is a unit. Thus let g 0 (X, Z) = ±Z. Consequently we also have h 0 (X, Z) = ±Z. Now, putting Z = 0 in the equation, we get
This, however is not possible. Hence
We have X.Y = Z 2 ∈ ℘ 2 , but X / ∈ ℘ 2 , and Y / ∈ ℘. Hence ℘ 2 is not ℘− primary. Thus there exists a maximal ideal m in the polynomial ring R[X] such that m ∩ R = ℘ and this m is not power stable. 
. As R is a Hilbert ring M i ∩R = m i is a maximal ideal in R for all i ≥ 1. Now note that for any t ≥ 1,
since, by Corollary 3.8, every maximal ideal in R[X] is power stable. Therefore it is clear that I t ∩ R = (I ∩ R) t for every t ≥ 1 i.e., I is power stable.
Theorem 3.15. Let R be a Noetherian domain of dimention 1.Then any radical ideal in R[X] is power stable.
Proof. If I ∩ R = (0), the result is clear. Hence, assume I ∩ R = J = (0). Since I is radical ideal of R[X], J is a radical ideal of R. As R is Noetherian of dimension 1, we have
where M ′ i s are maximal ideals in R.Thus it is clear that for any prime ideal ℘ in R, either J ℘ = R ℘ or J ℘ = ℘ ℘ . Therefore, since I ℘ ∩ R ℘ = J ℘ for every prime ideal ℘ in R, by Corollary 3.8, I ℘ is power stable for all prime ideals ℘ in R. Hence by Lemma 3.1, I is power stable.
We shall now show that for an integral domain R of of dimension 1, a non-radical ideal in R[X] need not be power stable. In fact, we shall give an example of a primary ideal in R[X], where R is a principal ideal domain, which is not power stable. This generalises an example given by Melvin Hochster who proved in a personal communication to Stephen McAdam that for any prime p, the ideal (
is not power stable. We learned this from Stephen McAdam. We note that this is not even ultimately power stable.
Example 3.16. Let p be a prime in a principal ideal domain R. Then for any two postive integers m, n, n < m < 2n with 2(m − n) ≤ n, the ideal
Step 1.
We have
As m − n < n, pX n ∈ I. Hence
Therefore as n < m,
Thus as 2m − n ≤ 2n, pX 2n ∈ I 2 . Cosequently
Now note that in Step 1, we have proved that pX m−n ∈ I. Hence
Thus
Step 2 is proved. By
Step 1 and Step 2, it is immediate that I 2 ∩ R = (I ∩ R) 2 i.e., I is not power stable. Further, note that for any n ≧ 2,
is not a monomorphism. Thus the ideal I is not ultimately power stable. Proof. Assume R is not a field. Let ℘ be a prime ideal in R. By our assumption, every ideal in R ℘ [X] is power stable. Thus, it is clear that to prove the result we can assume that R has a unique maximal ideal. Let m be the maximal ideal in R. By assumption, for any
where I 1 = {b ∈ R : bλ ∈ I}. We, now, consider two cases.
This, however, is not true by choice of λ. Therefore Case 1 does not occur.
Case 2. I 1 = R.
In this case J 2 ∩ R = Rλ 2 . Thus, as λ 2 ∈ J 2 , we have
This, however, is not true as a(0) = 1. Consequently R is a field. 
Pf. Let
The set S is partially ordered with respect to containment. Let {a i , i ∈ I} be a chain in S. Put b = ∪a i , then b is an ideal in R[X], and b ∩ R = ∪(a i ∩ R) = J. Moreover
Hence b is an upper bound of the chain {a i , i ∈ I} in S. Therefore by Zorn's Lemma, S has a maximal element I 1 (say). We shall now show that if J is prime then the last part of the statement holds. Assume the polynomials
This cotradicts the fact that J is prime. Hence the result holds. Theorem 3.21. (i) Let A ⊂ B be rings, and I, an ideal in B, which is an ultimately power stable in A. Then if I ∩ A is finitely generated projective A−module of rank one, I is power stable.
(ii) Let A ⊂ B be Noetherian rings, and I is an ideal in B which is ultimately power stable in A. Then if I ∩ A = J is a radical ideal which is generated by a regular A− sequence, it is power stable.
Proof. (i) Clearly, for all n ≥ 1, we have (I ∩ A) n ⊂ I n ∩ A. Thus if I is not power stable there exists m > 1 largest such that
This is in contradiction to the choice of m. Hence I is power stable in A.
(ii) Let {g 1 , · · · , g n } be a regular sequence in A generating the ideal J. By [5, Theorem 2.1], there exists an isomorphism from the graded polynomial ring (A/J)[X 1 , · · · , X n ], where X 1 , · · · , X n are indeterminates over A/J, to the graded ring G J (A) which maps each X i , i = 1, 2, · · · , n to the image of g i in G J (A). Note that, as J is a radical ideal, the ring (A/J)[X 1 , · · · , X n ] is without nilpotents. Thus G J (A) does not have nilpotents. Consequently I is power stable by Theorem 2.12 (ii).
We want to further understand the relationship in ultimate power stability and power stability of an ideal. Our next theorem in this regard uses a result in [4] which we record for convenience :[4,Theorem 2, pp. 156] Let A be a Noetherian ring, and J ⊂ I be ideals in A where I has a non-zero divisor. Then J is a reduction of I if and only if IK = JK for an ideal K, which contains a non-zero divisor. Proof. We shall prove the result in steps:
Step 1. (I ∩ A) t (I m+1−t ∩ A) = (I ∩ A) m+1 for all 1 ≤ t ≤ m.
From the proof of Theorem 3.21(i), it follows that the assertion is true for t = 1. Hence assume that for 1 ≤ s < m, we have 
Cosequently
Step 1 is proved.
Step Hence using the equation (1), we get (I ∩ A) (m−t+1)(l+1) = (I m−t+1 ∩ A) l+1 .
Thus
Step 2 is proved.
Step 3. 
